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DERIVED EQUIVALENCES OF TWISTED SUPERSINGULAR K3
SURFACES
DANIEL BRAGG
Abstract. We study the derived categories of twisted supersingular K3 surfaces. We prove
a derived crystalline Torelli theorem for twisted supersingular K3 surfaces, characterizing
Fourier-Mukai equivalences in terms of the twisted K3 crystals introduced in [1]. This is a
positive characteristic analog of the Hodge-theoretic derived Torelli theorem of Orlov [2] and
its extension to twisted K3 surfaces by Huybrechts and Stellari [3, 4]. We give applications
to various questions concerning Fourier-Mukai partners, extending results of Căldăraru [5]
and Huybrechts and Stellari [3]. We also give an exact formula for the number of twisted
Fourier-Mukai partners of a twisted supersingular K3 surface.
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1. Introduction
If X is a smooth projective variety, we write D(X) for the bounded derived category of
coherent sheaves on X. This object is studied as an invariant attached to X. The particular
case of K3 surfaces over the complex numbers has received extensive attention, and has
proven to be both interesting and tractable. A major result is Orlov’s Torelli theorem [2]
1
2 DANIEL BRAGG
for the derived category, which characterizes derived equivalences between K3 surfaces over
the complex numbers in terms of isomorphisms of certain associated Hodge structures. This
result was extended to the case of twisted K3 surfaces by Căldăraru [5] and Huybrechts
and Stellari [3, 4]. These results allow difficult questions about derived equivalences to be
rephrased in terms of Hodge structures, which are much easier to compute with.
A major obstacle to obtaining similar results for K3 surfaces in positive characteristic is
that the classical Torelli theorem no longer applies (this result is a key input to both Orlov’s
and Huybrechts and Stellari’s derived Torelli theorems). A partial replacement was found by
Lieblich and Olsson in [6], who introduced a certain filtration on the derived category. They
used this to extend results on derived equivalences of K3 surfaces to positive characteristic
by lifting to characteristic 0, for instance, the finiteness of the number of Fourier-Mukai
partners.
In this paper, we focus our attention on supersingular K3 surfaces, which are a particularly
interesting class of K3 surfaces in positive characteristic. By work of Ogus [7, 8] and Rudakov
and Shafarevich [9], it is known that supersingular K3 surfaces satisfy a certain Torelli-type
result, phrased in terms of crystalline cohomology. The form of this result (reviewed in
Section 2.2) is very similar to that of the classical Hodge-theoretic Torelli theorem.
We use this crystalline Torelli theorem to investigate the derived categories of twisted
supersingular K3 surfaces. We are able to obtain similarly strong results as are known
for K3 surfaces over the complex numbers, although our methods are necessarily limited
to the supersingular case. Our key technical tool is a certain crystalline analog of the
twisted Hodge structures of Huybrechts and Stellari [3], introduced in [1]. This construction
attaches to a twisted K3 surface (X,α) a certain K3 crystal H˜(X/W,B). We show that a
derived equivalence of twisted K3 surfaces induces an isomorphism of the corresponding K3
crystals, which preserves certain extra structure. We also show that the converse holds. Our
main result is the following crystalline Torelli theorem for the derived category of a twisted
supersingular K3 surface.
Theorem. If (X,α) and (Y, β) are twisted supersingular K3 surfaces, then there exists a
Fourier-Mukai equivalence D(X,α) ∼= D(Y, β) if and only if there exists an isomorphism
H˜(X/W,B) ∼= H˜(Y/W,B′) of K3 crystals.
That is, the twisted K3 crystal exactly captures the relationship of being Fourier-Mukai
partners. We prove first a more refined statement (Theorem 3.5.3) characterizing which
maps of K3 crystals are induced by derived equivalences.
To prove this result, we need to extend various related constructions and results to positive
characteristic, such as the existence of certain twisted Chern characters and moduli spaces
of twisted sheaves. Much of this has been already taken care of in [1]. We review the needed
definitions and results below. In two appendices, we show that our twisted Chern characters
take integral values, and that derived equivalences of certain twisted K3 surfaces in positive
characteristic are orientation preserving, extending results of Huybrechts, Macrì, and Stellari
[10] and Reinecke [11].
Our main theorem allows the translation of questions about derived equivalences into
questions about isomorphisms of supersingular K3 crystals. By results of Ogus (reviewed
in Section 4.1), supersingular K3 crystals are essentially objects of semi-linear algebra, and
hence are quite easy to compute with. Using these techniques, we apply our main theorem
in Sections 4.1, 4.2, and 4.4 to prove various facts about derived equivalences of twisted
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supersingular K3 surfaces. For instance, we recover the result of Lieblich and Olsson [6]
that (non-twisted) supersingular K3 surfaces are derived equivalent if and only if they are
isomorphic (see Theorem 4.2.1). We also prove that if (X,α) is a twisted supersingular K3
surface then D(X,α) ∼= D(X,αk) for any integer k coprime to the order of α (Theorem
4.2.5). Finally, in sections 4.3 and 4.4 we use characteristic subspaces to count twisted
Fourier-Mukai partners. The final result is Theorem 4.4.6, which gives the following formula
for the number of twisted partners of a twisted supersingular K3 surface (X,α) in terms of
two discrete invariants σ0, m attached to (X,α).
#FM(X,α) =

pσ0 + 1
pm + 1
(pσ0−1 − 1) + 1 if 1 ≤ σ0 ≤ 10
pσ0 + 1
pm + 1
(pσ0−1 − 1) if σ0 = 11
We remark that Lieblich and Olsson [12] have also used the crystalline Torelli thoerem to
study the derived categories of K3 surfaces in positive characteristic. They obtain results
for general K3 surfaces in positive characteristic by deformation to the supersingular locus,
replacing the lifting arguments of [6].
1.1. Notation. We fix throughout an algebraically closed field k of characteristic p > 0.
Unless otherwise state, we will assume that p 6= 2. If X is a variety over k, the notation
Hi(X, µpn) will always be used to denote the cohomology of µpn with respect to the flat (fppf)
topology.
1.2. Acknowledgements. The results of this paper were obtained during the course of the
author’s PhD work at the University of Washington. The author thanks Nicolas Addington,
Ben Antieau, Max Lieblich, Martin Olsson, and Emanuel Reinecke for useful conversations
and correspondences.
2. Supersingular K3 surfaces
Let X be a K3 surface over k. We say that X is supersingular if X has Picard number 22.1
There is a beautiful theory of such surfaces, with many special results and techniques. Their
systematic study was initiated by Artin [19]. It is known that the discriminant of the Néron-
Severi group of a supersingular K3 surface is of the form −p2σ0 for some integer 1 ≤ σ0 ≤ 10,
known as the Artin invariant of X. The moduli space of supersingular K3 surfaces is 9
dimensional, and the locus of surfaces X such that σ0(X) ≤ σ0 is closed of dimension σ0− 1.
In particular, the locus of supersingular K3 surfaces with σ0 = 1 is discrete, and in fact there
is up to isomorphism a unique such surface.
2.1. The Brauer group. We briefly describe the Brauer group of a supersingular K3 surface.
If X is a K3 surface over the complex numbers, or more generally over an algebraically closed
field of characteristic 0, then there is an abstract isomorphism of groups
Br(X) ∼= (Q/Z)
⊕22−ρ(X)
(see for instance Example 18.1.7ff of [20]). In particular, the Brauer group is divisible and
countable. Suppose that X is a K3 surface over an algebraically closed field k of positive
1This is the strongest possible notion of supersingularity, and is sometimes known as Shioda supersingular.
This condition is equivalent to all of the various weaker notions appearing in the literature (see eg. Chapter
18 of [13]) by work of Charles, Kim, Madapusi Pera, and Maulik [14, 15, 16, 17, 18].
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characteristic. If X has finite height, then Br(X) is again divisible and countable, and has a
similar form. If X is supersingular, then the situation is completely different. Artin showed
in [19] that there is an abstract isomorphism of groups
Br(X) ∼= k
between the Brauer group and the additive group of the underlying field k. In particular,
Br(X) is not divisible, is p-torsion, and has the same cardinality as k. The explanation for
this distinctive behavior comes from flat cohomology. The flat Kummer sequence gives a
short exact sequence
0→ Pic(X)/pPic(X)→ H2(X, µp)→ Br(X)[p]→ 0
Artin showed that H2(X, µp) is the k-points of a certain natural algebraic group, and defined
the subgroup U2(X, µp) ⊂ H
2(X, µp) to be the k-points of the connected component of the
identity (we record an alternative characterization of the subgroup U2(X, µp) in Definition
4.1.11). The completion of this algebraic group at the identity is identified with the formal
Brauer group of X, which is isomorphic to Ĝa. This implies that we have an isomorphism
U2(X, µp) ∼= Ga(k). Let N(X) = Pic(X) be the Néron-Severi group of X. Artin showed
that the Kummer sequence induces a diagram
(2.1.0.1)
0
pN(X)∨
pN(X)
U2(X, µp) Br(X) 0
0
N(X)
pN(X)
H2(X, µp) Br(X) 0
∼
In particular, the map U2(X, µp)→ Br(X) is surjective, explaining the profusion of p-torsion
Brauer classes in the supersingular case.
Despite the very non-classical behavior of the Brauer group in the supersingular case, we
will see that many structures associated to twisted K3 surfaces over the complex numbers
have analogs for supersingular K3 surfaces.
2.2. K3 crystals and Ogus’s crystalline Torelli theorem. Let W denote the ring of
Witt vectors of k, let K = W [p−1] be its field of fractions, and let σ : W → W be its
Frobenius. If X is any K3 surface over k (not necessarily supersingular), then the second
crystalline cohomology group H2(X/W ) of X is a free W -module of rank 22. It is equipped
with a perfect pairing
H2(X/W )⊗W H
2(X/W )→W
and an endomorphism Φ: H2(X/W )→ H2(X/W ) which is σ-linear,2 and satisfies a certain
compatibility with the pairing. This object may be viewed as a positive characteristic ana-
log of the singular cohomology group H2(X,Z) of a K3 surface over the complex numbers,
equipped with its pairing and Hodge structure. Following Ogus (see [8, Definition 1]), we
abstract the above structure in the following definition.
Definition 2.2.1. A K3 crystal of rank n is a W -module H of rank n equipped with a
σ-linear endomorphism Φ: H → H and a symmetric bilinear form H ⊗W H → W such that
2That is, Φ(λh) = σ(λ)Φ(h) for all h ∈ H2(X/W ) and λ ∈W .
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(1) p2H ⊂ Φ(H),
(2) Φ⊗ k has rank 1,
(3) the pairing 〈_,_〉 is perfect,
(4) 〈Φ(x),Φ(y)〉 = p2σ〈x, y〉 for all x, y ∈ H , and
(5) the crystalline discriminant of (H,Φ) is −1.
We will use the notation ϕ = p−1Φ.
The second crystalline cohomology group H2(X/W ) of a K3 surface equipped with the
cup product pairing and the endomorphism Φ is satisfies the above properties, and is the
basic example of a K3 crystal (of rank 22) (see for instance [8]).
Definition 2.2.2. The Tate module of a K3 crystal H is
TH = {h ∈ H|Φ(h) = ph}
This has a natural structure of Zp-module, and is equipped with the restriction of the bilinear
form on H .
We recall some abstract structural results. An F -crystal is a pair (H,Φ) where H is
a free W -module of finite rank and Φ: H → H is a σ-linear endomorphism. A map
(H,Φ) → (H ′,Φ′) of F -crystals consists of a map H → H ′ of W -modules that commutes
with the respective semilinear operators. Such a map is said to be an isogeny if it induces
an isomorphism H ⊗ K → H ′ ⊗ K. There is a well known classification of F -crystals up
to isogeny in terms of slopes, due to Dieudonné-Manin. Note that any K3 crystal gives rise
in particular to an F -crystal by forgetting the pairing. The isogeny type of this crystal is
constrained by the extra structure imposed above, and gives rise to an invariant of the K3
crystal. We will mostly be interested in the following case in this paper.
Definition 2.2.3. A K3 crystal H is supersingular if it has pure slope 1.
Equivalently, a K3 crystal H is supersingular exactly when the inclusion TH ⊗W → H is
an isogeny (that is, the map TH ⊗ K → H ⊗ K is an isomorphism). If X is a K3 surface,
then the K3 crystal H2(X/W ) is supersingular if and only if X is supersingular.
If H is supersingular, then by Proposition 3.13 of [7] the discriminant of the pairing on
TH is equal to −p
2σ0 for some integer σ0 ≥ 1.
Definition 2.2.4. The Artin invariant σ0(H) of a supersingular K3 crystal H is the integer
σ0.
It is immediate that if X is a supersingular K3 surface, then the Artin invariant of X
is equal to the Artin invariant of H2(X/W ). Suppose that X and Y are supersingular K3
surfaces. An obvious necessary condition for a map H2(X/W )
∼
−→ H2(Y/W ) of K3 crystals
to be induced by a morphism is that it map an ample class to an ample class. It is easy
to see that this need not always be the case. In fact, it need not even be the case that the
Picard group of X is mapped to the Picard group of Y (unlike in the complex case, where
this is automatic). We will therefore need to track the inclusion of the Picard group as a
piece of extra data.
Definition 2.2.5. A marked K3 crystal is a pair (H,N) where H is a K3 crystal and N
is a lattice N equipped with an isometric inclusion N → H that induces an isomorphism
N ⊗ Zp
∼
−→ TH .
An isomorphism of marked K3 crystals (H,N) → (H ′, N ′) consists of an isomorphism
H → H ′ of K3 crystals that restricts to an isomorphism N → N ′.
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The first Chern class map Pic(X)→ H2(X/W ) gives a marking of H2(X/W ). The follow-
ing is Ogus’s crystalline Torelli theorem.3
Theorem 2.2.6. [8, Theorem II] Let X and Y be supersingular K3 surfaces. If
f : (H2(X/W ),Pic(X))
∼
−→ (H2(Y/W ),Pic(Y ))
is an isomorphism of marked supersingular K3 crystals such that the map Pic(X)→ Pic(Y )
sends an ample class to an ample class, then f is induced by a unique isomorphism X
∼
−→ Y .
Somewhat surprisingly, it turns out that if we are only interested in the existence of an
isomorphism, we may neglect the marking entirely.
Theorem 2.2.7. [8, Theorem I] If X and Y are supersingular K3 surfaces, then X is
isomorphic to Y if and only if there exists an isomorphism H2(X/W )
∼
−→ H2(Y/W ) of K3
crystals.
3. Twisted K3 crystals and derived equivalences
In the following sections we present the constructions and definitions needed to state our
main theorem.
3.1. Crystalline B-fields. We review the construction of crystalline B-fields defined in
Section 3.4 of [1]. Let X be a K3 surface over k. We begin by relating the flat cohomology
of µp to the de Rham cohomology of X. Consider the Kummer sequence
1→ µp → Gm
x 7→xp
−−−→ Gm → 1
which is exact in the flat topology. Let ε : Xfl → Xét be the natural map from the big fppf
site of X to the small étale site of X. By a theorem of Grothendieck, the cohomology of the
complex R ε∗Gm vanishes in all positive degrees. Because X is smooth over a perfect scheme,
the restriction of µp to the small étale site of X is trivial. Applying ε∗ to the Kummer
sequence, we obtain an exact sequence
1→ Gm
x 7→xp
−−−→ Gm → R
1 ε∗µp → 1
of sheaves on the small étale site of X. It follows that
R1 ε∗µp = Gm/G
p
m
where the quotient is taken in the étale topology. We therefore obtain isomorphisms
(3.1.0.1) Hi(Xfl, µp)
∼
−→ Hi−1(Xét,Gm/G
p
m)
We consider the map of étale sheaves
(3.1.0.2) d log : Gm → Ω
1
X
defined by f 7→ df/f . This map sends any p-th power to 0, and hence descends to the
quotient. Combined with the isomorphism (3.1.0.1), we find a map
(3.1.0.3) d log : H2(X, µp) →֒ H
2
dR(X/k)
3Ogus proved this result under the assumption that p ≥ 5. It has been extended to p ≥ 3 in [1]
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(the injectivity follows for instance from Corollaire 2.1.18 of [21]). The essential property of
this map that we will need is that it is compatible with the de Rham Chern character, in
the sense that the diagram
H1(X,Gm)
H2(X, µp) H
2
dR(X/k)
cdR1
d log
commutes, where the vertical arrow is the boundary map induced by the Kummer sequence.
As the third crystalline cohomology group of X is torsion free, the canonical map
H2(X/W )⊗ k → H2dR(X/k)
is an isomorphism. Combined with (3.1.0.3), we arrive at a diagram
(3.1.0.4)
H2(X/W ) H2dR(X/k)
H2(X, µp) Br(X)[p]
pi
⊂
Write H2(X/K) = H2(X/W )⊗W K.
Definition 3.1.1. Let α ∈ Br(X)[p] be a p-torsion Brauer class. A B-field lift of α is an
element B = a
p
∈ H2(X/K), where a is an element of H2(X/W ) whose image in H2dR(X/k) is
contained in the image of d log, and maps to α under the lower horizontal map of (3.1.0.4).
We note that, unlike in the Hodge-theoretic setting, it is no longer true that every class
in the rational crystalline cohomology group is a B-field lift of some Brauer class. We give
in [1] the following characterization of B-fields.
Lemma 3.1.2. [1, Lemma 3.4.11] A class B ∈ p−1H2(X/W ) is a B-field lift of a class in
Br(X)[p] if and only if
B − ϕ(B) ∈ H2(X/W ) + ϕ(H2(X/W ))
(recall that ϕ = p−1Φ)
Remark 3.1.3. It is possible to make a similar definition of a B-field lift associated to a class
in Br(X)[pn] by replacing de Rham cohomology with de Rham-Witt cohomology. One can
show that a similar characterization to that of Lemma 3.1.2 holds. As the Brauer group of
a supersingular K3 surface is p-torsion, the above definition will suffice for our applications
in this paper.
3.2. The twisted Mukai crystal. In this section we will show how to associate to a pair
(X,α), where X is a K3 surface and α ∈ Br(X)[p], a certain K3 crystal of rank 24. The
material in this section is essentially contained in Section 3.4 of [1], although with slightly
different notation. We begin by defining the Mukai crystal associated to a K3 surface X,
as originally introduced in [6]. Let W (1) denote the F -crystal with underlying W -module
W and Frobenius action given by 1
p
σ. For any F -crystal M and integer n, we set M(n) =
M ⊗W (1)⊗n.
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Definition 3.2.1. The Mukai crystal of X is the W -module
H˜(X/W ) = H0(X/W )(-1)⊕H2(X/W )⊕H4(X/W )(1)
equipped with the twisted Frobenius Φ˜ : H˜(X/W )→ H˜(X/W ). We define the Mukai pairing
on H˜(X/W ) by
〈(a, b, c), (a′, b′, c′)〉 = bb′ − ac′ − a′c
Both H0(X/W ) and H4(X/W ) are canonically isomorphic (as W -modules) to W . Under
these identifications, the twisted Frobenius action is given by
Φ˜(a, b, c) = (pσ(a),Φ(b), pσ(c))
It follows immediately from the definitions that H˜(X/W ) is a K3 crystal of rank 24.
We next explain how to twist the crystal H˜(X/W ) by a B-field. Given any element
B ∈ H2(X/K) (for instance, a B-field), cupping with the class eB = (1, B, B2/2) defines an
isometry
eB : H˜(X/K)→ H˜(X/K)
where H˜(X/K) = H˜(X/W )⊗W K. Explicitly, this map is given by
eB(a, b, c) =
(
a, b+ aB, c+ b.B + a
B2
2
)
Definition 3.2.2. Let α be a class in Br(X)[p] and let B be a B-field lift of α. The twisted
Mukai crystal associated to (X,α) and B is
H˜(X/W,B) = eB H˜(X/W ) ⊂ H˜(X/K)
In [1], we show that H˜(X/W,B) has a natural structure of K3 crystal.
Theorem 3.2.3. [1, Proposition 3.4.15] The submodule H˜(X/W,B) ⊂ H˜(X/K) is preserved
by the Frobenius endomorphism Φ˜. The W -module H˜(X/W,B) equipped with the endomor-
phism Φ˜ and the restriction of the Mukai pairing on H˜(X/K) is a K3 crystal of rank 24, and
is supersingular if and only if X is supersingular.
The non-obvious part of this result is that H˜(X/W,B) is preserved by Φ˜, which follows
from the characterization of B-fields given in Lemma 3.1.2.
Although the embedding H˜(X/W,B) ⊂ H˜(X/K) does depend on the choice of B-field, we
will show that the isomorphism class of the crystal H˜(X/W,B) is independent of the choice
of B-field.
Lemma 3.2.4. If B and B′ are two different B-field lifts of α, then there exists an isomor-
phism of K3 crystals H˜(X/W,B) ∼= H˜(X/W,B′).
Proof. While cupping with eB
′−B defines an isometry between H˜(X/W,B) and H˜(X/W,B′),
this map does not in general commute with the Frobenius operators, and so does not define
an isomorphism of K3 crystals. Indeed, a direct computation yields the useful identity
(3.2.4.1) Φ˜(eA(a, b, c)) = eϕ(A)Φ˜(a, b, c)
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valid for any A ∈ H2(X/K) and (a, b, c) ∈ H˜(X/W ) (recall that ϕ = p−1Φ). Instead, consider
the diagram
H2dR(X/k)
0 Pic(X)⊗ Z/pZ H2(X, µp) Br(X)[p] 0
cdR1
⊂
where the lower row is exact. The image of pB′ − pB in H2dR(X/k) maps to 0 in Br(X)[p],
and hence is equal to cdR1 (L ) for some line bundle L . Thus, writing t = c
cry
1 (L ), we have
B′ −B =
t
p
+ h
for some h ∈ H2(X/W ). Note that if h ∈ H2(X/W ) then eh ∈ H∗(X/W ). Now, ϕ(t/p) = t/p,
so by (3.2.4.1) cupping with et/p defines an isomorphism
et/p : H˜(X/W,B)
∼
−→ eB
′−h H˜(X/W ) = H˜(X/W,B′)
of K3 crystals. 
Remark 3.2.5. As a submodule of H˜(X/K), the twisted crystal H˜(X/W,B) depends only
on the image of B in H2(X, µp). In other words, H˜(X/W,B) may be viewed as a structure
canonically attached to a class in H2(X, µp). We take this viewpoint in [1].
We can use the crystal H˜(X/W,B) to extend the Artin invariant to twisted supersingular
K3 surfaces.
Definition 3.2.6. The Artin invariant of a twisted supersingular K3 surface (X,α) is the
Artin invariant of the supersingular K3 crystal H˜(X/W,B) (in the sense of Definition 2.2.4).
In Section 3.4 of [1], we make the following computation.
Proposition 3.2.7. [1, Corollary 3.4.23] If (X,α) is a twisted supersingular K3 surface,
then
σ0(X,α) =
{
σ0(X) + 1 if α 6= 0
σ0(X) if α = 0
In particular, the Artin invariant of a twisted supersingular K3 surface is an integer 1 ≤
σ0 ≤ 11.
3.3. Twisted Chern characters and the twisted Néron-Severi group. Let X be a K3
surface over an algebraically closed field k. Let N(X) be the Néron-Severi group of X (of
course, N(X) = Pic(X) for a K3 surface).
Definition 3.3.1. We define the extended Néron-Severi lattice of X by
N˜(X) = 〈(1, 0, 0)〉 ⊕N(X)⊕ 〈(0, 0, 1)〉
which we equip with the Mukai pairing
N˜(X)⊗ N˜(X)→ Z
given by the formula 〈(a, b, c), (a′, b′, c′)〉 = −a.c′ + b.b′ − a′.c.
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We define the Mukai vector of a coherent sheaf E on X by
v(E ) = ch(E ).
√
Td(X)
Recall that we have
√
Td(X) = (1, 0, 1), and that the Chern characters of a coherent sheaf
on a K3 surface are integral. The Mukai vector thus gives rise to a map
v(_) : K(X)→ N˜(X)
which is an isomorphism of groups. If we equip K(X) with the pairing induced by
(3.3.1.1) 〈[E ], [F ]〉 = −
∑
i
(−1)i dimk Ext
i(E ,F )
it is even an isometry.
We wish to replicate these structures in the twisted setting. Let X be a smooth projective
variety and α ∈ Br(X) a Brauer class (we have in mind the case where X is a K3 surface,
or the product of two K3 surfaces). Let π : X → X be a Gm-gerbe whose associated
cohomology class is α. If nα = 0, then there exists an n-fold twisted invertible sheaf, say
L , on X . Choosing such a sheaf allows us to compare n-fold twisted sheaves on X and
sheaves on X.
Definition 3.3.2. Let E be a locally free twisted sheaf of positive rank on X . The twisted
Chern character of E (with respect to L ) is
chL (E ) =
n
√
ch(π∗(E ⊗n ⊗L ∨)) ∈ A
∗(X)⊗Q
where by convention we choose the n-th root so that rk(chL (E )) = rk(E ). We define the
twisted Mukai vector of E by
vL (E ) = chL (E ).
√
Td(X)
Any twisted sheaf on X admits a resolution by locally free twisted sheaves of positive
rank, so the ablove definition of the twisted Chern character and twisted Mukai vector extend
by additivity to all of K(X,α). The choice of an n-fold twisted invertible sheaf L on X is
essentially the same as a choice of preimage of α under the map
(3.3.2.1) H2(X, µn)։ Br(X)[n],
Indeed, giving an n-fold twisted invertible sheaf L on X is the same as giving an isomor-
phism X n
∼
−→ BGm of Gm-gerbes, which is the same as giving a µn-gerbe X
′ together with
an identification of its associated Gm-gerbe with X . The cohomology class of such a gerbe
in H2(X, µn) then maps to α under (3.3.2.1). Conversely, given a preimage α
′ of α, choosing
a representing µn-gerbe and an isomorphism between its associated Gm-gerbe and X gives
rise to an invertible n-fold twisted sheaf L on X . Moreover, the resulting twisted Chern
character chL depends only on α′.
Definition 3.3.3. If α′ is a preimage of α under (3.3.2.1), we write chα
′
for the twisted
Chern character determined by α′, and set vα
′
= chα
′
.
√
Td(X).
Let us suppose now that n = p. Let B be a B-field lift of α. This gives rise to an element
α′ ∈ H2(X, µp) mapping to α by taking pB mod p, and we denote by ch
B (resp. vB) the
resulting twisted Chern character (resp. twisted Mukai vector). Similarly, if X × Y is a
product of two K3 surfaces, α ∈ Br(X) and β ∈ Br(Y ) are Brauer classes or order p with
B-field lifts B,B′, we define ch−B⊞B
′
and v−B⊞B
′
. We will identify a natural subgroup of
DERIVED EQUIVALENCES OF TWISTED SUPERSINGULAR K3 SURFACES 11
A∗(X)⊗ Q which will be a recipient for chB and vB, and so provide a replacement for the
twisted Néron-Severi group N˜(X).
Definition 3.3.4. Let X be a K3 surface, α ∈ Br(X)[p] a p-torsion Brauer class, and B a
B-field lift of α. The twisted Néron-Severi lattice associated to (X,α,B) is
N˜(X,B) = (N˜(X)⊗ Z[p−1]) ∩ H˜(X/W,B)
We equip N˜(X,B) with the restriction of the Mukai pairing on H˜(X/W,B).
We mention two results concerning this object.
Proposition 3.3.5. If E is an α-twisted sheaf, then chB(E ) and vB(E ) are contained in
N˜(X,B). The resulting map
vB(_) : K(X,α)→ N˜(X,B)
is an isomorphism of groups. If we equip the left hand side with the pairing (3.3.1.1), it is
an isometry.
We defer the proof to Appendix A. See also Proposition 4.1.9 of [1] for a different proof.
Proposition 3.3.6. [1, Proposition 4.1.10] The inclusion N˜(X,B) →֒ H˜(X/W,B) induces
an isomorphism
N˜(X,B)⊗ Zp
∼
−→ T˜ (X,B)
Thus, the inclusion N˜(X,B) →֒ H˜(X/W,B) gives a marking of H˜(X/W,B) in the sense
of Definition 2.2.5.
3.4. Action on cohomology. Let (X,α) and (Y, β) be twisted supersingular K3 surfaces,
where α has order n and β has order m. Consider a complex P • ∈ D(X × Y,−α ⊠ β) of
twisted sheaves such that the induced Fourier-Mukai functor
ΦP • : D(X,α)→ D(Y, β)
is an isomorphism. To study such objects, we will consider their action on the twisted
Grothendieck groups and the twisted Mukai crystal. Choose B-field lifts B of α and B′ of β.
Using the standard formalism, we obtain maps
ΦK[P •](_) : K(X,α)→ K(Y, β)
Φcry
v−B⊞B′ (P •)
(_) : H˜(X/K)→ H˜(Y/K)
It is not hard to show that these are compatible, in the sense that the diagram
K(X,α) K(Y, β)
H˜(X/K) H˜(Y/K)
ΦK
[P•]
vB vB
′
Φcry
v−B⊞B
′
(P•)
commutes (see for instance [1, Lemma 4.1.6], or [13, Corollary 5.29] in the untwisted case).
Similarly, it is straightforward to show that Φcry
v−B⊞B′ (P •)
is compatible with the Mukai pairing
and the Frobenius operators. As an immediate corollary, we obtain the following.
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Proposition 3.4.1. Let (X,α) be a twisted supersingular K3 surface. If Y is a smooth
projective variety and there exists a derived equivalence (X,α) ∼= (Y, β) for some β ∈ Br(Y ),
then Y is a supersingular K3 surface.
Proof. It is well known that any twisted Fourier-Mukai partner of a twisted K3 surface is
again a twisted K3 surface. As the isocrystal H˜(X/K) has slope 1, the same is true for
H˜(Y/K). It follows that Y is supersingular. 
By analogy with the complex case, one expects that Φcry
v−B⊞B′ (P •)
in fact preserves the
integral structure. This is the content of the following result.
Theorem 3.4.2. Let (X,α) and (Y, β) be twisted supersingular K3 surfaces with B-field lifts
B and B′. If P • ∈ D(X × Y,−α⊠ β) is a complex of twisted sheaves such that the induced
Fourier-Mukai functor
ΦP • : D(X,α)→ D(Y, β)
is an equivalence, then the induced cohomological transform gives an isomorphism
Φcry
v−B⊞B′ (P •)
: (H˜(X/W,B), N˜(X,B))
∼
−→ (H˜(Y/W,B′), N˜(Y,B′))
of marked K3 crystals.
As it is somewhat unrelated to the rest of this paper, we defer the proof to Appendix A
and Appendix B. An immediate consequence of Theorem 3.4.2 is that the Artin invariant is
preserved under a derived equivalence.
Corollary 3.4.3. If (X,α) and (Y, β) are twisted supersingular K3 surfaces that are derived
equivalent, then σ0(X,α) = σ0(Y, β).
We mention a few consequences for supersingular K3 surfaces with small and large Artin
invariants.
Corollary 3.4.4. The unique supersingular K3 surface of Artin invariant 1 has no non-
trivial twisted Fourier-Mukai partners.
Proof. Any twisted supersingular K3 surface (X,α) with α 6= 0 must have Artin invariant
σ0 ≥ 2. So, every twisted partner is in fact untwisted, and has Artin invariant 1. 
Corollary 3.4.5. If X is a supersingular K3 surface of Artin invariant 10 and α ∈ Br(X)
is a nontrivial Brauer class, then (X,α) is not derived equivalent to any non-twisted variety.
Proof. By Proposition 3.4.1, any potential Fourier-Mukai partner must be a supersingular
K3 surface. Because α is nontrivial, σ0(X,α) = 11. But, any non-twisted supersingular K3
surface has Artin invariant σ0 ≤ 10. 
Over the complex numbers, it is known that the action of a derived equivalence on the
singular Mukai lattice preserves a certain orientation structure (see [10], and [11] for the
twisted case). As we do not have access to the singular cohomology lattice in positive
characteristic, we instead formulate the orientation as a structure on the extended Néron-
Severi group.
Let N be a lattice of signature (s+, s−).
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Definition 3.4.6. An orientation on N is a choice of orientation (in the sense of vector
spaces) on a positive definite subspace P ⊂ NR of dimension s+. An isometry g : N → N
′
or NQ → N
′
Q of oriented lattices is orientation preserving if the composition
P → NR
gR−→ N ′R → P
′
is orientation preserving in the usual sense, where N ′R → P
′ is the orthogonal projection.
We refer to [11] for further discussion. Let X be a K3 surface. The extended Néron-Severi
group N˜(X) has signature (2, 22). Let H ∈ Pic(X) be an ample class. We consider the
positive definite subspace PH = 〈(1, 0,−1), H〉 ⊂ N˜(X) ⊗ R. By the given ordering of the
basis elements, PH is endowed with an orientation in the sense of vector spaces, and hence
N˜(X) acquires an orientation in the sense of Definition 3.4.6. Note that this orientation
does not depend on the choice of H , in the sense that the oriented lattices resulting from
different choices are isometric by an orientation preserving isometry (namely the identity).
Suppose that (X,α) is a twisted K3 surface and α is killed by p. Given any B-field lift B
of α, we obtain a natural orientation on N˜(X,B) by declaring that the isometry
eB : N˜(X,B)Q
∼
−→ N˜(X)Q
is orientation preserving. If P • ∈ D(X × Y,−α⊠ β) is a perfect complex of twisted sheaves
that induces a Fourier-Mukai equivalence ΦP • : D(X,α)→ D(Y, β), then by Theorem 3.4.2
the cohomological transform Φcry
v−B⊞B′ (P •)
restricts to an isometry N˜(X,B)
∼
−→ N˜(Y,B′). We
say that Φcry
v−B⊞B′ (P •)
is orientation preserving if this isometry is orientation preserving in the
sense of Definition 3.4.6.4
Conjecture 3.4.7. With the assumptions of Theorem 3.4.2, the cohomological transform
Φcry
v−B⊞B′ (P •)
is orientation preserving (in the sense that the induced map on twisted Néron-
Severi groups is orientation preserving).
We resolve this conjecture in some special cases in Appendix B.
3.5. Crystalline Torelli theorems for twisted supersingular K3 surfaces. In this
section we formulate a crystalline Torelli theorem relating isomorphisms between the twisted
Mukai crystals associated to a twisted supersingular K3 surface to Fourier-Mukai equivalences
between derived categories of twisted sheaves. We will first prove a result relating the twisted
Mukai crystal to equivalences of abelian categories of twisted sheaves. Suppose that (X,α)
and (Y, β) are twisted K3 surfaces. If f : X
∼
−→ Y is an isomorphism such that f ∗β = α, then
for any B-field lifts B,B′ of α and β, the induced map f∗ : H˜(X/K)
∼
−→ H˜(Y/K) restricts to
an isomorphism
H˜(X/W,B)
∼
−→ H˜(Y/W,B′)
of K3 crystals. We wish to identify which such maps of crystals are induced by an isomor-
phism of surfaces. Consider the natural filtration on H˜(X/K) by codimension. If B is any
4We do not really need Theorem 3.4.2 to make this definition, as it is immediate that the cohomological
transform gives an isometry after tensoring withQ, which is enough to define the property of being orientation
preserving.
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B-field lift of a Brauer class α, then there is an induced filtration 0 ⊂ F 2 ⊂ F 1 ⊂ F 0 =
H˜(X/W,B) on the submodule H˜(X/W,B) ⊂ H˜(X/K) defined by
F 2 = H˜(X/W,B) ∩ H4(X/K)
F 1 = H˜(X/W,B) ∩ (H2(X/K)⊕H4(X/K))
F 0 = H˜(X/W,B) ∩ (H0(X/K)⊕H2(X/K)⊕H4(X/K))
Note that the F i are in fact subcrystals. There is a canonical isomorphism
F 1/F 2
∼
−→ H2(X/W )
induced by (0, h, h.B) 7→ h. This isomorphism is compatible with the Frobenius operators
on both sides. Furthermore, as F 2 is isotropic, the Mukai pairing induces a pairing on the
quotient F 1/F 2, and under the above isomorphism this pairing is taken to the cup product
pairing.
Definition 3.5.1. We say that an isomorphism g : H˜(X/W,B)→ H˜(Y/W,B′) of K3 crystals
preserves the codimension filtrations if g(F i) ⊂ F i for i = 0, 1, 2.
In fact, because F 1 is exactly the orthogonal complement of F 2, this is equivalent to
g(F 2) ⊂ F 2. If g preserves the filtrations, then it induces a map
F 1 H˜(X/W,B)
F 2 H˜(X/W,B)
∼
−→
F 1 H˜(Y/W,B′)
F 2 H˜(Y/W,B′)
and hence an isomorphism g0 : H
2(X/W )
∼
−→ H2(Y/W ) of K3 crystals.
Theorem 3.5.2. Let (X,α) and (Y, β) be twisted supersingular K3 surfaces. Let B and B′
be B-field lifts of α and β. If
g : (H˜(X/W,B), N˜(X,B))→ (H˜(Y/W,B′), N˜(Y,B′))
is an isomorphism of marked K3 crystals such that
(1) g sends (0, 0, 1) to (0, 0, 1) (and in particular preserves the codimension filtrations),
and
(2) g0 maps an ample class to an ample class,
then there exists an isomorphism f : X → Y satisfying f ∗β = α and a line bundle L on Y
such that exp(ccry1 (L )/p) ◦ f∗ = g.
Proof. As we have observed above, the assumption that g is a map of K3 crystals implies
that the induced isomorphism g0 : H
2(X/W )
∼
−→ H2(Y/W ) is also a map of K3 crystals.
Furthermore, as g restricts to an isomorphism between the respective Néron-Severi groups,
g0 restricts to an isomorphism between the respective (non-twisted) Néron-Severi groups, and
by assumption sends an ample class to an ample class. Thus, by Ogus’s crystalline Torelli
theorem (in the formulation of Theorem 2.2.6), g0 is induced by a unique isomorphism
f : X
∼
−→ Y .
Consider the commuting diagram
H˜(X/W,B) H˜(Y/W,B′)
H˜(Y/W, g0(B))
g
f∗ exp(B′−g0(B))
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of W -modules. As both g and f∗ are isomorphisms of marked K3 crystals, so is exp(B
′ −
g0(B)). The inclusion N˜(Y, g0(B)) ⊂ N˜(Y ) ⊗ Q becomes an isomorphism after tensoring
with Q, so exp(B′ − g0(B)) ∈ N˜(Y ) ⊗ Q. It follows that B
′ − g0(B) = c
cry
1 (L )/p for some
line bundle L on Y . This completes the proof.

We next prove the main result of this paper: a Torelli theorem relating isomorphisms of
the twisted Mukai crystals to equivalences of derived categories. This should be seen as a
supersingular analog of the twisted derived Torelli theorem of Huybrechts and Stellari [4].
Theorem 3.5.3. Let (X,α) and (Y, β) be twisted supersingular K3 surfaces with B-field lifts
B and B′.
(1) If ΦP • : D(X,α)→ D(Y, β) is a Fourier-Mukai equivalence, the induced map
Φcry
v−B⊞B′ (P •)
: (H˜(X/W,B), N˜(X,B))
∼
−→ (H˜(Y/W,B′), N˜(Y,B′))
is an isomorphism of marked K3 crystals (which if Conjecture 3.4.7 holds is orienta-
tion preserving).
(2) If
g : (H˜(X/W,B), N˜(X,B))
∼
−→ (H˜(Y/W,B′), N˜(Y,B′))
is an orientation preserving isomorphism of marked K3 crystals, then there exists a
Fourier-Mukai equivalence ΦP • : D(X,α)→ D(Y, β) such that Φ
cry
v−B⊞B′ (P •)
= g.
Proof. Part (1) is Theorem 3.4.2. Let us show (2). The reader will note that the proof is
essentially the same as the proof of the main theorem of [4]. We start with an isomorphism
g : (H˜(X/W,B), N˜(X,B))
∼
−→ (H˜(Y/W,B′), N˜(Y,B′))
of oriented marked crystals. By definition, this means that we have a diagram
H˜(X/W,B) H˜(Y/W,B′)
N˜(X,B) N˜(Y,B′)
g
g
where the upper horizontal arrow is an isomorphism of K3 crystals and the vertical arrows are
the canonical inclusions. The lower horizontal arrow is then an isometry with respect to the
Mukai pairings on the twisted Néron-Severi lattices, and preserves the canonical orientations.
Let w = (r, l, s) be the image g(0, 0, 1) of the class of a point under g. We will first treat the
case when r 6= 0. We may then assume that r > 0 by composing with g0 = − idH˜(Y/W,B′),
which lifts to the shift functor F 7→ F [1]. As g is an isometry we have g2 = 0, so the moduli
space M(Y,β)(w) of β-twisted sheaves on Y with twisted Mukai vector w is a Gm-gerbe over
a K3 surface M(Y,β)(w), and there is a B-field B
′′ ∈ H2(M(Y,β)(w)/W ) and an equivalence
D(Y, β) ∼= D(M(Y,β)(w), αB′′) inducing an orientation preserving isometry H˜(Y/W,B
′) →
H˜(M(Y,β)(w)/W,B
′′) (the relevant facts about moduli spaces of twisted sheaves have been
extended to our setting in Section 4 of [1]). The inverse of this equivalence sends (0, 0, 1) to
w, so composing we may assume without loss of generality that g(0, 0, 1) = (0, 0, 1).
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To apply Theorem 3.5.2, we need to ensure that the induced map g0 : H
2(X/W ) →
H2(Y/W ) maps an ample class to an ample class (see the discussion preceding the state-
ment of Theorem 3.5.2). By results of [8] there exists a sequence of (−2) classes C1, . . . , Cn
such that composing g0 with the composition of reflections Cn ◦ · · ·◦C1 takes the ample cone
CX of X to ±CY . But g was assumed to be orientation preserving, so in fact CX 7→ CY . As
explained in [4], each Ci is induced by a spherical twist functor TCi : D(Y, β)→ D(Y, β) on
the derived category, and moreover the action of such a functor on the twisted Mukai crystal
sends (0, 0, 1) to (0, 0, 1). We have reduced to the case when the assumptions of Theorem
3.5.2 apply. We therefore find an isomorphism f : X → Y satisfying f ∗β = α and a line
bundle L on Y such that
exp(ccry1 (L )/p) ◦ f∗ = g
Both of these maps lift to Fourier-Mukai equivalences, so this completes the proof.

If we are only interested in the existence of a derived equivalence, it turns out that we may
forget the marking and orientation. This will make our computations more manageable.
Proposition 3.5.4. Let (H,N) and (H ′, N ′) be marked oriented supersingular K3 crystals.
If there exists an isomorphismH
∼
−→ H ′ of K3 crystals (not necessarily preserving the marking
or orientation), then there exists an isomorphism (H,N)
∼
−→ (H ′, N ′) of marked K3 crystals
that is orientation preserving.
Proof. By results of Nikulin (see for instance Theorem 15.1.5 of [13]), there exists an isometry
N
∼
−→ N ′. The remainder of the proof follows that of [7, Theorem 7.4] exactly. 
Theorem 3.5.5. Let (X,α) and (Y, β) be twisted supersingular K3 surfaces, with B-field
lifts B,B′ of α and β. The following are equivalent.
(1) There exists a derived equivalence D(X,α) ∼= D(Y, β).
(2) There exists an isomorphism H˜(X/W,B) ∼= H˜(Y/W,B′) of K3 crystals (not neces-
sarily preserving any marking or orientation).
Proof. This follows from Theorem 3.5.3 combined with Proposition 3.5.4. 
4. Applications to Fourier-Mukai equivalences
4.1. Characteristic subspaces. It is a remarkable discovery of Ogus that supersingular K3
crystals are determined by certain semi-linear algebraic data, called characteristic subspaces.
These are very accessible for making explicit computations. This correspondence resembles
the equivalence between Hodge structures and periods. In this section we will explain this
connection, and reformulate the theorems of the previous section in terms of characteristic
subspaces.
Let V be a vector space over Fp of even dimension 2σ0 equipped with a non-degenerate,
non-neutral bilinear form. Let σ : k → k be the Frobenius map λ 7→ λp, and define
ϕ = id⊗σ : V ⊗ k → V ⊗ k
Definition 4.1.1. A characteristic subspace of V is a subspace K ⊂ V ⊗ k such that
(1) K is totally isotropic of dimension σ0 and
(2) K + ϕ(K) has dimension σ0 + 1.
If in addition
∑
∞
i=0 ϕ
i(K) = V ⊗ k, we say that K is strictly characteristic.
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Definition 4.1.2. A characteristic subspace datum is a pair (K, V ), where V is a vector
space over Fp of even dimension equipped with a non-degenerate, non-neutral bilinear form,
and K ⊂ V ⊗ k is a strictly characteristic subspace.
An isomorphism (K, V )
∼
−→ (K ′, V ′) of characteristic subspace data is an isometry g : V →
V ′ such that g ⊗ k maps K to K ′.
The Artin invariant of a characteristic subspace datum is the dimension of K as a k-vector
space. Let H be a supersingular K3 crystal with Tate module T and Artin invariant σ0. The
quotient T0 = T
∨/T is an Fp-vector space of dimension 2σ0, which inherits a non-degenerate
and non-neutral quadratic form from T , defined by
v.w = p−1〈pv, pw〉
for v, w ∈ T∨. There are natural inclusions
T ⊗W ⊂ H ⊂ T∨ ⊗W
By Theorem 3.20 of [7], the image K of H in (T∨ ⊗ W )/(T ⊗W ) ∼= T0 ⊗ k is a strictly
characteristic subspace.
Definition 4.1.3. The characteristic subspace datum associated to a supersingular K3 crys-
tal H is the pair (K, T0).
Remark 4.1.4. It is perhaps more correct to replace K with ϕ−1(K), which is also strictly
characteristic (this is the convention taken in [7]). This distinction is important when working
over non-perfect bases.
Any isomorphism H
∼
−→ H ′ of supersingular K3 crystals restricts to an isometry T
∼
−→ T ′
of Tate modules, and hence induces an isomorphism (K, T0)
∼
−→ (K ′, T ′0) of characteristic
subspace data. By results of Ogus, the converse is also true.
Proposition 4.1.5. Suppose that H,H ′ are supersingular K3 crystals of rank n. Let T ⊂ H
and T ′ ⊂ H ′ be their Tate modules, and (K, T0) and (K
′, T ′0) the corresponding character-
istic subspace data. Any isomorphism (K, T0)
∼
−→ (K ′, T ′0) of characteristic subspace data is
induced by an isomorphism H
∼
−→ H ′ of K3 crystals.
Proof. Consider an isomorphism (K, T0) → (K
′, T ′0) of characteristic subspace data. By
Corollary 3.18 of [7], there exists an isometry T0
∼
−→ T ′0. Moreover, by results of Nikulin (see
for instance Theorem 14.2.4 of [13]), every isometry T0
∼
−→ T ′0 lifts to an isometry T
∼
−→ T ′.
The result then follows from Theorem 3.20 of [7]. 
Notation 4.1.6. Let X be a supersingular K3 surface. We write T (X) for the Tate module
of H2(X/W ) and write K(X) for its associated characteristic subspace. Similarly, we write
T˜ (X) and K˜(X) for the Tate module and characteristic subspace associated to H˜(X/W ).
If α ∈ Br(X) is a Brauer class andB is a B-field lift of α, then H˜(X/W,B) is a supersingular
K3 crystal of rank 24, and we let T˜ (X,B) be its Tate module and K˜(X,B) its associated
characteristic subspace.
Remark 4.1.7. Suppose that X is a supersingular K3 surface. We can give an alternate
description of the characteristic subspace datum associated to H2(X/W ) that does not use
crystalline cohomology. Consider the first Chern class map
cdR1 : Pic(X)→ H
2
dR(X/k)
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Tensoring with k, we get a map
(4.1.7.1) N(X)⊗ k → H2dR(X/k)
As the discriminant group of N(X) is killed by p, there is a natural inclusion pN(X)∨ ⊂
N(X). This induces an inclusion
pN(X)∨
pN(X)
⊂
N(X)
pN(X)
of Fp-vector spaces. Of course, multiplication by p induces an isomorphism
N(X)0
def
=
N(X)∨
N(X)
∼
−→
pN(X)∨
pN(X)
This gives a natural inclusion
N(X)0 ⊗ k →֒ N(X)⊗ k
Unwinding definitions, we see that the composition
K(X) →֒ T (X)0 ⊗ k = N(X)0 ⊗ k →֒ N(X)⊗ k
identifies K(X) with the kernel of (4.1.7.1).
We now translate the crystalline Torelli theorems in previous sections into the language
of characteristic subspaces. Let X be a supersingular K3 surface. We write (K(X), T (X)0)
for the characteristic subspace datum associated to the supersingular K3 crystal H2(X/W )
(see Notation 4.1.6). In terms of characteristic subspaces, Ogus’s Torelli theorem takes the
following form.
Theorem 4.1.8. If X and Y are supersingular K3 surfaces, then X is isomorphic to Y
if and only if there is an isomorphism (K(X), T (X)0)
∼
−→ (K(Y ), T (Y )0) of characteristic
subspace data.
Suppose that α ∈ Br(X) is a Brauer class with B-field lift B. The supersingular K3
crystal H˜(X/W,B) gives rise to the characteristic subspace datum (K˜(X,B), T˜ (X,B)0). If
α is non-trivial, then the functional on T˜ (X,B) given by pairing with (0, 0, 1) is divisible
by p. Hence, p−1(0, 0, 1) gives rise to a non-trivial element of T˜ (X,B)0. Anticipating future
notation, let us write fX for the element p
−1(0, 0, 1) ∈ T˜ (X,B)0. The twisted crystalline
Torelli theorem then assumes the following form.
Theorem 4.1.9. Let X and Y be supersingular K3 surfaces and α ∈ Br(X), β ∈ Br(Y ) non-
trivial Brauer classes with B-field lifts B,B′. There exists an isomorphism (X,α) ∼= (Y, β) if
and only if there exists an isomorphism of characteristic subspace data (K˜(X,B), T˜ (X,B)0)
∼
−→
(K˜(Y,B′), T˜ (Y,B′)0) sending fX to fY .
Finally, we translate our main theorem on derived equivalences into characteristic sub-
spaces.
Theorem 4.1.10. Let X and Y be supersingular K3 surfaces and α ∈ Br(X), β ∈ Br(Y )
Brauer classes with B-field lifts B,B′. There exists a Fourier-Mukai equivalence D(X,α) ∼=
D(Y, β) if and only if there exists an isomorphism (K˜(X,B), T˜ (X,B)0)
∼
−→ (K˜(Y,B′), T˜ (Y,B′)0)
of characteristic subspace data.
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We summarize our results in the following table. In each row, the object in the left column
is classified by the indicated K3 crystal, and by the indicated characteristic subspace datum.
We continue the notation fX = p
−1(0, 0, 1).
Geometric Object K3 Crystal Characteristic Subspace Datum
X H2(X/W ) (K(X), T (X)0)
(X,α) H˜(X/W,B) + (0, 0, 1) ∈ H˜ (K˜(X,B), T˜ (X,B)0) + fX ∈ T˜ (X,B)0
D(X) H˜(X/W ) (K˜(X), T˜ (X)0)
D(X,α) H˜(X/W,B) (K˜(X,B), T˜ (X,B)0)
Let X be a supersingular K3 surface, and B a B-field on X. We will examine the rela-
tionship between the characteristic subspace data associated to H2(X/W ) and H˜(X/W,B).
This relationship is particularly simple if we make a special choice of B-field lift. We may
characterize Artin’s subgroup U2(X, µp) ⊂ H
2(X, µp) as follows.
Definition 4.1.11. The subgroup U2(X, µp) ⊂ H
2(X, µp) consists of exactly those classes
in H2(X, µp) that, under the inclusion H
2(X, µp) →֒ H
2
dR(X/k), are orthogonal to the image
of the first Chern class map.
Definition 4.1.12. A B-field B = a
p
∈ H2(X/K) is transcendental if the image of a in
H2dR(X/k) is contained in U
2(X, µp).
By the above characterization of U2(X, µp), we see that a B-field B =
a
p
is transcendental
if and only if 〈a,D〉 is divisible by p for every D ∈ N(X), or equivalently if and only if
B ∈ T (X)∨ ⊗W ⊂ p−1H2(X/W ).
Now, it also follows from the above that the image of U2(X, µp) →֒ H
2
dR(X/k) is contained
in the subspace V ⊗ k/K ⊂ H2dR(X/k), where V = N(X)0. We may identify the image of
this map as follows.
Lemma 4.1.13. The inclusion U2(X, µp) →֒ H
2
dR(X/k) induces an isomorphism
U2(X, µp) ∼=
{B ∈ V ⊗ k|B − ϕ(B) ∈ K + ϕ(K)}
K
⊂
V ⊗ k
K
Proof. This is proved in [1]. See Remark 3.3.9ff and Lemma 3.3.15. 
Equivalently, this map may be described in the following way: given a class α ∈ U2(X, µp),
we choose a B-field B = a
p
such that a = d logα. Such a B is transcendental, so it is contained
in T (X)∨ ⊗W . We send α to the image of B under the composition
T (X)∨ ⊗W →
T (X)∨ ⊗W
T (X)⊗W
= T (X)0 ⊗ k = V ⊗ k →
V ⊗ k
K
Under the isomorphism of Lemma 4.1.13, the subgroup pN(X)∨/pN(X) described by (2.1.0.1)
is identified with the fixed points of ϕ acting on V ⊗ k.
Suppose α ∈ Br(X) is a non-trivial Brauer class. Let B = a
p
be a transcendental B-field
lift of α. It is not hard to show that T˜ (X,B) is then the free W -module
T˜ (X,B) = 〈(p, 0, 0), (0, D, 0), (0, 0, 1)〉
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where D ranges over all classes in N(X) (see Proposition 3.4.21 of [1]). There is an induced
decomposition
T˜ (X,B)0 = T (X)0 ⊕ U2
where U2 is the copy of the hyperbolic plane generated by the vectors e and f , given respec-
tively by pairing with p−1(p, 0, 0) and p−1(0, 0, 1). If x1, . . . , xσ0 is a basis for K(X), then
the characteristic subspace K˜(X,B) associated to H˜(X/W,B) is given by
(4.1.13.1) K˜(X,B) =
〈
x1 + (x1.B)f, . . . , xσ0 + (xσ0 .B)f, e +B +
B2
2
f
〉
With the above descriptions as motivation, we record the following result on abstract
characteristic subspaces. We fix an Fp-vector space V of dimension 2σ0, equipped with a
non-degenerate, non-neutral bilinear form, and a characteristic subspace K ⊂ V ⊗k. Let U2
be a copy of the hyperbolic plane over Fp, equipped with the standard basis v, w satisfying
v2 = w2 = 0 and v.w = −1. Set V˜ = V ⊕ U2. This is a vector space of dimension 2σ0 + 2,
whose natural bilinear form is again non-degenerate and non-neutral.
Proposition 4.1.14. Let x1, . . . , xσ0 be a basis for K. The map
{B ∈ V ⊗ k|B − ϕ(B) ∈ K + ϕ(K)}
K
→
{
characteristic subspaces K˜ ⊂ V˜ ⊗ k
such that v /∈ K˜ and K˜ ∩ v⊥/v = K
}
given by
B 7→
〈
x1 + (x1.B)v, . . . , xσ0 + (xσ0 .B)v, w +B +
B2
2
v
〉
is a bijection.
Proof. This is prove in Proposition 3.1.11 of [1] (see also Remark 3.2.3). 
4.2. Fourier-Mukai partners of twisted supersingular K3 surfaces. We will now
deduce some consequences for derived equivalences of twisted supersingular K3 surfaces.
We have attached to a supersingular K3 surface two supersingular K3 crystals: the second
crystalline cohomology H2(X/W ), which has rank 22, and the Mukai crystal H˜(X/W ), which
has rank 24. Note that there is an inclusion H2(X/W ) ⊂ H˜(X/W ), which induces an
equality T (X)0 = T˜ (X)0 identifying the corresponding characteristic subspaces. Thus, the
characteristic subspace data of the two crystals are equal (of course, the crystals have different
ranks, and thus are not isomorphic). Combining this observation with Theorem 4.1.8 and
Theorem 4.1.10, we obtain another proof of the following result of Lieblich and Olsson [6].
Theorem 4.2.1. If X and Y are supersingular K3 surfaces, then D(X) ∼= D(Y ) if and only
if X ∼= Y .
Proof. If D(X) ∼= D(Y ), then by Theorem 3.5.3 we have in particular an isomorphism
H˜(X/W ) ∼= H˜(Y/W ) of K3 crystals. Thus, there is an isomorphism (K˜(X), T˜ (X)0) ∼=
(K˜(Y ), T˜ (Y )0) of characteristic subspace data. But by the above observation, this gives
an isomorphism (K(X), T (X)0) ∼= (K(Y ), T (Y )0) between the characteristic subspace data
associated to H2(X/W ) and H2(Y/W ). By Theorem 4.1.9, this implies X ∼= Y .
The converse is immediate. 
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Remark 4.2.2. The characteristic subspace associated to a K3 crystal might be viewed as an
analog of the transcendental lattice. Theorem 4.2.1 is then analogus to the classical result
that two complex K3 surfaces with Picard number ≥ 12 are derived equivalent if and only
if they are isomorphic (see Corollary 16.3.7 of [13]).
Corollary 4.2.3. A twisted supersingular K3 surface (X,α) is derived equivalent to a non-
twisted K3 surface if and only if σ0(X,α) ≤ 10.
Proof. A non-twisted supersingular K3 surface has σ0 ≤ 10. So, if σ0(X,α) = 11 then (X,α)
cannot be derived equivalent to a non-twisted K3 surface.
Conversely, suppose that σ0(X,α) ≤ 10. Consider the characteristic subspace datum
(K˜(X,B), T˜ (X,B)0) associated to H˜(X/W,B). By the surjectivity of the period morphism,
we find a supersingular K3 surface Y and an isomorphism (K(Y ), T (Y )0) ∼= (K˜(X,B), T˜ (X,B)0)
of characteristic subspace data. But (K(Y ), T (Y )0) = (K˜(Y ), T˜ (Y )0), so Theorem 4.1.10
implies that D(Y ) ∼= D(X,α). 
Proposition 4.2.4. Let E be a supersingular elliptic curve, and let X = Km(E×E) be the
unique supersingular K3 surface of Artin invariant σ0 = 1. Every supersingular K3 surface
of Artin invariant 2 is derived equivalent to D(X,α) for some Brauer class α ∈ Br(X).
Proof. Let Y be a supersingular K3 surface of Artin invariant 2. Let (K(Y ), T (Y )0) be
the characteristic subspace datum associated to H2(Y/W ). Pick a non-zero isotropic vector
v ∈ T (Y )0 (such a vector exists because the dimension of T (Y )0 is ≥ 4). Set V = v
⊥. We
may then find an isotropic vector w ∈ T (Y )0 such that v.w = −1, and such that there is an
orthogonal decomposition T (Y )0 = V ⊕ U2 where U2 is the hyperbolic plane generated by
v, w. As K(Y ) is strictly characteristic, v is not in K(Y ). Let K = K(Y ) ∩ v⊥/v. This is
a strictly characteristic subspace of V . By the surjectivity of the period morphism, the pair
(K, V ) is isomorphic to the characteristic subspace datum associated to H2(X/W ), where
X is the unique supersingular K3 surface of Artin invariant 1. By Proposition 4.1.14 and
Lemma 4.1.13, there is a Brauer class α ∈ Br(X) and a transcendental B-field lift B of α
such that (K(X,B), T (X,B)0) ∼= (K(Y ), T (Y )0). As before, (K(Y ), T (Y )0) is equal to the
characteristic subspace datum associated to H˜(Y/W ), and Theorem 4.1.10 then gives the
result. 
We also prove the following (compare to Corollary 7.9 of [3]).
Proposition 4.2.5. If X is a supersingular K3 surface and α ∈ Br(X) is a Brauer class,
then for any integer k such that (k, p) = 1, there is a derived equivalence
D(X,α) ∼= D(X,αk)
Proof. Suppose that α is non-trivial. Let B be a transcendental B-field lift of α. We have a
canonical decomposition
T˜ (X,B)0 = T (X)0 ⊕ U2
where U2 is a copy of the hyperbolic plane generated by e, f , corresponding to pairing with
p−1(p, 0, 0) and p−1(0, 0, 1) respectively. If x1, . . . , xσ0 is a basis for K(X), then we have that
K˜(X,B) =
〈
x1 + (x1.B)f, . . . , xσ0 + (xσ0 .B)f, e+B +
B2
2
f
〉
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(see the notation and discussion preceding (4.1.13.1)). Let λ ∈ F×p be the image of k modulo
p. Consider the isometry mλ : T˜ (X,B)0
∼
−→ T˜ (X,B)0 defined by v 7→ v for v ∈ T (X)0,
e 7→ λ−1e, and f 7→ λf . The image of K˜(X,B) under mλ is〈
x1 + (x1.λB)f, . . . , xσ0 + (xσ0 .λB)f, e + λB +
(λB)2
2
f
〉
The element λB is again in U2(X, µp), and its image in the Brauer group is α
k (here, we
are abusing notation by identifying B with its image in U2(X, µp) ⊂ H
2
dR(X/k), and with
its image under the isomorphism of Lemma 4.1.13ff). If λ′ ∈ Z×p is a lift of λ, then λ
′B is
a (transcendental) B-field lift of αk, and mλ gives an isomorphism (K˜(X,B), T˜ (X,B)0)
∼
−→
(K˜(X, λ′B), T˜ (X, λ′B)0) of characteristic subspace data. We conclude the result by Theorem
4.1.10. 
As a further application of our main theorem, we will count the number of twisted Fourier-
Mukai partners of a twisted supersingular K3 surface. This will require some more involved
calculations with characteristic subspaces.
4.3. Interlude: the orthogonal group of a strictly characteristic subspace. Let V
be a vector space over Fp of dimension 2σ0, equipped with a non-degenerate, non-neutral
bilinear form, and let K ⊂ V ⊗ k be a strictly characteristic subspace.
Definition 4.3.1. We define OK(V ) to be the automorphism group of the characteristic
subspace datum (K, V ). That is, OK(V ) is the group of isometries g : V → V such that
g ⊗ k maps K to itself.
In this section we will study the orthogonal group OK(V ) using certain coordinates intro-
duced by Ogus. Because K is strictly characteristic, the subspace
lK = K ∩ ϕ(K) ∩ . . . ϕ
σ0−1(K)
is one-dimensional, and
ϕσ0−1(K) = lK + ϕ(lK) + · · ·+ ϕ
σ0−1(lK)
Pick a generator e for L, and scale e so that e.ϕσ0(e) = 1. Such a choice of e is unique up to
multiplication by a pσ0 + 1-th root of unity. Set ei = ϕ
i−1(e), so that {e1, . . . , eσ0} is a basis
for ϕσ0−1(K) and {e1, . . . , e2σ0} is a basis for V ⊗ k. In this basis both the bilinear form and
the Frobenius take a particularly simple form. Define
(4.3.1.1) ai = e1.eσ0+i+1 1 ≤ i ≤ σ0 − 1
By Lemma 3.22 of [7], the bilinear form on V ⊗ k is given by the matrix
(4.3.1.2)
(
0 A
AT 0
)
where A is the σ0 × σ0-matrix
1 a1 a2 a3 . . . aσ0−1
0 1 F (a1) F (a2) . . . F (aσ0−2)
0 0 1 F 2(a1) . . . F
2(aσ0−3)
0 0 0 1 . . . F 3(aσ0−4)
...
...
...
...
. . .
...
0 0 0 0 . . . 1

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The Frobenius is given by ϕ(ei) = ei+1 for 1 ≤ i ≤ 2σ0 − 1, and
ϕ(e2σ0) = λ1e1 + · · ·+ λσ0eσ0 + µ1eσ0+1 + · · ·+ µσ0e2σ0
for some particular scalars λi, µi which satisfy λ1 = 1 and µ1 = 0; the rest can be described
in terms of the ai. In this basis, every element of OK(V ) is diagonalized. Indeed, suppose
that g ∈ OK(V ) is an isometry that preserves K. Because g commutes with ϕ, it must also
preserve lK , and therefore
g(e) = ζe
for some scalar ζ . Because of the uniqueness of e, ζ must be a (pσ0 +1)-th root of unity. We
have g(ei) = ζ
pi−1(e1), so g is the diagonal matrix
(4.3.1.3)

ζ
ζp
ζp
2
. . .
ζp
2σ0−1

In particular, g is determined by ζ . The map g 7→ ζ defines an injective homomorphism
(4.3.1.4) OK(V ) →֒ µpσ0+1(k)
We will determine the image of (4.3.1.4).
Proposition 4.3.2. Let m be a divisor of σ0 such that σ0/m is odd. If ζ is a primitive
pm+1-th root of unity, then ζ is contained in the image of (4.3.1.4) if and only if ai = 0 for
every 1 ≤ i ≤ σ0 − 1 such that 2m does not divide i.
Proof. Let m be a divisor of σ0 with σ0/m odd, let ζ be a primitive (p
m+1)-th root of unity,
and let g be the corresponding diagonal element (4.3.1.3) of GL(V ⊗ k).
Suppose that ζ is contained in the image of (4.3.1.4). As g is an isometry, we have for
each 1 ≤ i ≤ σ0 − 1 that
ai = e1.eσ0+i+1 = g(e1).g(eσ0+i+1) = ζ
pσ0+i+1ai
If ai 6= 0 for some 1 ≤ i ≤ σ0 − 1, then ζ
pσ0+i+1 = 1, so pm + 1 divides pσ0+i + 1. Thus,
pσ0+i ≡ −1 modulo pm + 1. The order of p in (Z/(pm + 1)Z)× is 2m, and because σ0/m is
odd, we have pσ0 ≡ −1 modulo pm + 1. It follows that pi ≡ 1 modulo pm + 1, and therefore
2m divides i.
Conversely, suppose that ai = 0 for every 1 ≤ i ≤ σ0 − 1 such that 2m does not divide i.
We will show that g ∈ OK(V ). It is clear that any matrix of the form (4.3.1.3) preserves K.
We next check that g ∈ O(V ⊗ k), that is, that g preserves the bilinear form given by the
matrix (4.3.1.2). We will show that
g(ek).g(ej) = ek.ej
for all 1 ≤ k, j ≤ 2σ0. It is clear that ϕ(g(ei)) = g(ϕ(ei)) for 1 ≤ i ≤ 2σ0 − 1, so it will
suffice to check that
(4.3.2.1) g(e1).g(eσ0+i+1) = e1.eσ0+i+1 = ai
for all 1 ≤ i ≤ σ0 − 1. We have
g(e1).g(eσ0+i+1) = ζ
pσ0+i+1ai
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If 2m does not divide i, then by assumption ai = 0, so (4.3.2.1) holds. Suppose that 2m
divides i. It follows that pi ≡ 1 modulo pm + 1. We know that pσ0 ≡ −1 modulo pm + 1, so
pσ0+i+1 ≡ 0 modulo pm+1. We conclude that ζp
σ0+i+1 = 1. It follows that g is an isometry.
Finally, we will show that g is defined over Fp, that is, that it is in the image of the map
O(V ) → O(V ⊗ k). Equivalently, we will show that g commutes with the Frobenius ϕ. As
previously observed, ϕ(g(ei)) = g(ϕ(ei)) for 1 ≤ i ≤ 2σ0 − 1, so it remains only to verify
that ϕ(g(e2σ0)) = g(ϕ(e2σ0)). The pairing is non-degenerate, so it will suffice to show that
(4.3.2.2) ϕ(g(e2σ0)).ek = g(ϕ(e2σ0)).ek
for all 2 ≤ k ≤ 2σ0 + 1 (the vectors e2, . . . , e2σ0+1 are a basis for V ⊗ k). Using that g is an
isometry, (4.3.2.2) becomes
ζp
2σ0+pk−1ϕ(e2σ0).ek = ϕ(e2σ0).ek
We compute that
ϕ(e2σ0).ek =

F k−1(aσ0−k+1) if 2 ≤ k ≤ σ0
1 if k = σ0 + 1
0 if σ0 + 2 ≤ k ≤ 2σ0 + 1
It follows that (4.3.2.2) is an equality for σ0 + 1 ≤ k ≤ 2σ0 + 1. Suppose that 2 ≤ k ≤ σ0.
If 2m does not divide σ0 − k + 1, then by assumption aσ0−k+1 = 0, and so (4.3.2.2) is an
equality. Suppose that 2m divides σ0 − k + 1. Because m divides σ0, this implies that m
divides 2σ0 − k + 1. Furthermore, as σ0/m is odd, so is (2σ0 − k + 1)/m. It follows that
pm + 1 divides p2σ0−k+1 + 1, and therefore pm + 1 divides p2σ0 + pk−1. Thus, (4.3.2.2) is an
equality in this case as well. We conclude that g ∈ OK(V ), and hence ζ is in the image of
(4.3.1.4).

Proposition 4.3.3. The image of (4.3.1.4) is equal to the subgroup µpm+1(k) ⊂ µpσ0+1(k),
where m is the largest divisor of σ0 such that
(1) σ0/m is odd, and
(2) if 1 ≤ i ≤ σ0 − 1 and 2m does not divide i then ai = 0.
or m = 0 if no such divisor exists.
Proof. The inclusion (4.3.1.4) realizes OK(V ) as a subgroup of the cyclic group µpσ0+1(k).
Thus, OK(V ) is itself cyclic, say of order k. Let g be a generator, and let ζ be the image of
g in µpσ0+1(k). Let m
′ be the smallest non-negative integer such that k divides pm
′
+1. The
order of p modulo k is then 2m′. We also know that pσ0 + 1 is divisible by k, so therefore
m′ divides σ0, and σ0/m
′ is odd. By Proposition 4.3.2 applied to m′, we deduce that ai = 0
for every 1 ≤ i ≤ σ0 − 1 such that 2m
′ does not divide i. That is, m′ is a divisor of σ0
satisfying properties (1) and (2). Furthermore, as g was a generator, we have that the image
of (4.3.1.4) is contained in µpm′+1(k). On the other hand, it follows from Proposition 4.3.2
that µpm+1(k) is contained in the image of (4.3.1.4). We conclude that µpm+1(k) ⊂ µpm′+1(k).
By maximality of m, we deduce that m = m′, and the result follows. 
Note that if the structure constants ai associated to K are all non-zero then m = 0. Thus,
if K is generic then #OK(V ) = 2. We remark that a similar calculation is carried out in
Theorem 3.1 of [22]. There is also given a table of the dimensions of the locus of characteristic
subspaces with different values of m for each Artin invariant 1 ≤ σ0 ≤ 10
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4.4. Counting twisted Fourier-Mukai partners. We apply our techniques to count
twisted partners of supersingular K3 surfaces. The analogous computation over the com-
plex numbers is carried out in [23]. We fix a twisted supersingular K3 surface (X,α) with
Artin invariant σ0 = σ0(X,α). We define
FM(X,α) =
{
twisted supersingular K3 surfaces (Y, β)
such that D(X,α) ∼= D(Y, β)
}
/ isomorphism
Note that by Proposition 3.4.1, any twisted partner of (X,α) must be a twisted supersingular
K3 surface. Our goal is to enumerate this set. We will do this by using characteristic
subspaces and the computations of Section 4.3.
Definition 4.4.1. If V is an Fp-vector space with a bilinear form, we let I(V ) denote the
set of non-zero vectors v ∈ V such that v2 = 0.
There is an obvious action of OK(V ) on I(V ). Fix a B-field lift B of α. Let (K, V ) =
(K˜(X,B), T˜ (X,B)0) be the characteristic subspace datum associated to H˜(X/W,B).
Theorem 4.4.2.
(4.4.2.1) #FM(X,α) =
{
#OK(V ) \ I(V ) + 1 if σ0 ≤ 10
#OK(V ) \ I(V ) if σ0 = 11
We let FMd(X,α) be the subset of FM(X,α) consisting of those Fourier-Mukai partners
(X1, α1) such that α1 has order d. Of course, in our situation FM
d(X,α) is empty unless
d = 1, p. We can dispense with the d = 1 case quickly.
Lemma 4.4.3. If σ0 ≤ 10, then #FM
1(X,α) = 1. If σ0 = 11, then #FM
1(X,α) = 0.
Proof. This follows immediately from Corollary 4.2.3. 
We next turn to FMp(X,α). Note that if σ0 = 1, then this set is empty, so let us assume
that σ0 ≥ 2. If (Y, β) ∈ FM
p(X,α), then there exists a B field lift B′ of β and an isometry
g : T˜ (Y,B′)0
∼
−→ V = T˜ (X,B)0
that sends K˜(Y,B′) to K = K˜(X,B). Because the order of β is p, the functional given by
pairing with the vector (0, 0, 1) ∈ T˜ (Y,B′) is divisible by p. As before, we denote by fY
the resulting (non-trivial) element p−1(0, 0, 1) ∈ T˜ (Y,B′)0. The image of this element under
g gives an element of I(V ). Note that this element does not depend on our choice of B′,
although it does depend on g. We define a map of sets
µ : FMp(X,α)→ OK(V ) \ I(V )
by µ([(Y, β)]) = [g(fY )], where OK(V ) acts on I(V ) on the left in the obvious way. This is
well defined, independent of the choices of B′ and g.
Proposition 4.4.4. The map µ is a bijection.
Proof. We first show injectivity. Consider two Fourier-Mukai partners
(X1, α1), (X2, α2) ∈ FM
p(X,α)
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such that µ(X1, α1) = µ(X2, α2). Pick B-field lifts B1, B2, and choose isometries gi :
T˜ (Xi, Bi)0
∼
−→ T˜ (X,B)0, i = 1, 2 that preserve the respective characteristic subspaces. By
assumption, there exists g ∈ OK(V ) such that
g(g1(fX1)) = g2(fX2)
Thus, the isometry
g−12 ◦ g ◦ g1 : T˜ (X1, B1)0 → T˜ (X2, B2)0
preserves the characteristic subspaces and satisfies fX1 7→ fX2 . By Theorem 4.1.9, we find
an isomorphism (X1, α1) ∼= (X2, α2).
We next show surjectivity. Pick a non-zero isotropic vector v ∈ V . The vector space
V − = v⊥/v has dimension 2σ0 − 2, and because we assumed σ0 ≥ 2, its induced bilinear
form is again non-degenerate and non-neutral. Consider the subspace
K− = (K ∩ v⊥)/v ⊂ V − ⊗ k
Pick an isotropic vector w ∈ V such that v.w = −1 and a decomposition
V = V − ⊕ 〈v, w〉
Let {x1, . . . , xσ0−1} be a basis for K
−. By Proposition 4.1.14, there is an element B′ ∈ V −⊗k
such that
K =
〈
x1 + (x1.B
′)v, . . . , xσ0−1 + (xσ0−1.B
′)v, w +B′ +
B′2
2
w
〉
By the surjectivity of the period morphism, the pair (K−, V −) is isomorphic to the charac-
teristic subspace datum associated to H2(Y/W ) for some supersingular K3 surface Y . Under
this isomorphism, B′ corresponds via Lemma 4.1.13 to some class in U2(Y, µp). Let β be its
image in Br(Y ). By abuse of notation, let B′ denote a B-field lift of β that maps to the given
class in U2(Y, µp). By construction, we have an isomorphism (K˜(Y,B
′), T˜ (Y,B′)0)
∼
−→ (K, V )
sending fY to v. By Theorem 4.1.10, (Y, β) is a Fourier-Mukai partner of (X,α), and its
image under µ is v, as desired. 
Using the results of Section 4.3, we can explicitly determine the size of the set
OK(V ) \ I(V )
in terms of the structure constants ai associated to K.
Lemma 4.4.5. The action of OK(V ) on I(V ) is free. That is, each v ∈ I(V ) is fixed only
by the identity.
Proof. If g ∈ OK(V ) fixes v, then
v.e = g(v).g(e) = v.(ζe) = ζ(v.e)
Because v is non-zero and fixed by ϕ, we must have v.e 6= 0. It follows that ζ = 1, and hence
g is the identity. 
Let (X,α) be a twisted supersingular K3 surface with Artin invariant σ0, and let ai be
be the constants associated to the strictly characteristic subspace K˜(X,α) corresponding to
(X,α) (see 4.3.1.1). Let m be the largest divisor of σ0 such that σ0/m is odd and ai = 0 for
all 1 ≤ i ≤ σ0 − 1 such that 2m does not divide i, or set m = 0 if no such divisor exists.
DERIVED EQUIVALENCES OF TWISTED SUPERSINGULAR K3 SURFACES 27
Theorem 4.4.6. The number of twisted Fourier-Mukai partners of (X,α) is given by the
formula
#FM(X,α) =

pσ0 + 1
pm + 1
(pσ0−1 − 1) + 1 if 1 ≤ σ0 ≤ 10
pσ0 + 1
pm + 1
(pσ0−1 − 1) if σ0 = 11
Proof. By eg. [7, Lemma 4.12ff], if V is a vector space over Fp of dimension 2σ0 equipped
with a non-degenerate, non-neutral bilinear form, then
#I(V ) = (pσ0 + 1)(pσ0−1 − 1)
By Lemma 4.4.5, the action of OK(V ) on I(V ) is free. The result follows from Theorem
4.4.2. 
Remark 4.4.7. The integerm associated to (X,α) is equal to 0 if all of the structure constants
ai are non-zero. This is the case for instance if X is a generic supersingular K3 surface,
where by generic we mean that the corresponding point in Ogus’s moduli space of marked
supersingular K3 surfaces [8] is contained in the complement of an explicit proper closed
subset.
Appendix A. Twisted Chern characters
In this section we will discuss the twisted Chern characters introduced in Definition 3.3.2,
with the goal of proving Proposition 3.3.5 and Theorem 3.4.2. Although we have phrased
the results in this section for p-torsion Brauer classes and crystalline B-fields, it will be clear
that the proofs apply essentially unchanged to the singular cohomology constructions of [3],
the l-adic étale theory of [24], and the de Rham-Witt theory for pn-torsion Brauer classes.
We will begin by comparing twisted sheaves on Gm-gerbes, µn-gerbes, and Brauer-Severi
varieties. Let X be a smooth projective variety over k. We assume that the characteristic
of k is a prime p, possibly equal to 2. Let π : X → X be a µn-gerbe. If E is a locally free
coherent sheaf on X , we define
chX (E ) =
n
√
ch(π∗(E ⊗n)) ∈ A
∗(X)⊗Q
We compare this twisted Chern character to the notion introduced in Definition 3.3.2. Let
XGm be the Gm-gerbe obtained from X . The inclusion µn →֒ Gm induces a natural map
ι : X → XGm, and ι∗ induces an equivalence between the respective categories of twisted
sheaves. The gerbe X gives a µn-gerbe lift of XGm , and hence gives rise to a choice of
invertible n-fold twisted sheaf L on XGm (see Definition 3.3.2ff). This sheaf satisfies ι
∗L ∼=
OX . It follows that for any locally free twisted sheaf E on X , we have
chX (E ) = ch
L (ι∗E )
The pushforward A = π∗E nd(E ) is an Azumaya algebra on X whose associated coho-
mology class in H1(X,PGLn) maps to the Brauer class of X under the boundary map
H1(X,PGLn) → H
2(X,Gm). Let f : P → X be the Brauer-Severi scheme associated to A .
We have a Cartesian diagram
PX (E ) P
X X
pi′
g f
pi
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The projective bundle PX (E )→ X comes with a universal quotient g
∗E ։ O(1). We may
also view PX (E ) as a µn-gerbe via π
′, and the invertible sheaf O(1) is 1-twisted with respect
to this gerbe structure. Define an invertible sheaf O(n) = π′∗O(1)
⊗n on P . The µn-gerbe
PX (E )→ P is essentially trivial (that is, has trivial Brauer class), and is isomorphic to the
gerbe of n-th roots of O(n). Under this isomorphism, the universal quotient O(1) acquires
a second universal property: it is the universal (twisted) invertible sheaf equipped with an
isomorphism O(1)⊗n
∼
−→ π′∗O(n).
Proposition A.0.1. There is a natural isomorphism of graded W -algebras H∗(P/W ) ∼=
H∗(X/W )[x]/f(x) where x ∈ H2(P/W ) is a class restricting to ccry1 (O(1)) on geometric fibers,
and f(x) is a monic polynomial of degree n. The map f ∗ : H∗(X/W )⊗ k → H∗(P/W )⊗ k
is injective.
Proof. This follows from the Leray spectral sequence associated to P → X (see for instance
[25, Lemma 1.6]). 
Proposition A.0.2. Suppose that X is a K3 surface, α ∈ Br(X) is a Brauer class of order
p, and E is an α-twisted locally free sheaf. If B is a B-field lift of α, then chB(E ) ∈ N˜(X,B).
Proof. Let π : X → X be a µp-gerbe whose associated cohomology class maps to α. We
regard E as a twisted sheaf on X . It will suffice to show the result for a particular choice
of B-field lift. Consider a B-field lift B = a
p
of α where the image of a modulo p is equal to
d log of the cohomology class [X ] ∈ H2(X, µp). It follows that f
∗B = ccry1 (O(p))/p + h for
some h ∈ H2(P/W ).
By the above discussion, we have chX (E ) = ch
B(ι∗E ). The Chern character of a coherent
sheaf on a K3 surface is integral, so chX (E )
p ∈ N˜(X). Thus, chX (E ) ∈ N˜(X) ⊗ Z[p
−1].
To prove the result, it will therefore suffice to show that e−B chX (E ) ∈ H
∗(X/W ). By
Proposition A.0.1, this is true if and only if f ∗(e−B chX (E )) ∈ H
∗(P/W ). We compute
f ∗(e−B chX (E )) = f
∗(e−B).f ∗ chX (E )
= e−h.
p
√
ch(−ccry1 (O(p)). ch(f
∗π∗(E ⊗p))
= e−h.
p
√
ch(−ccry1 (O(p)). ch(π
′
∗g
∗(E ⊗p))
= e−h.
p
√
ch(π′∗(π
′∗(O(−p))⊗ g∗(E ⊗p)))
= e−h.
p
√
ch(π′∗((g
∗(E )⊗O(−1))⊗p)))
= e−h. ch(π′∗(g
∗(E )⊗ O(−1)))
Write G = π′∗(g
∗(E )⊗ O(−1)). We have
e−h ch(G) = (r, c1(G)− rh, c1(G)
2/2 + c2(G)− h.c1(G) + rh
2/2, 0, . . . , 0)
where r = rk(G). The Chern classes ci(G) are all integral. In particular, this already gives
the result if p 6= 2. Suppose p = 2. We compute
c1(G) = c1(π∗ det(E ))− f
∗(a) + ph
where a = pB. It is well known that the pairing on the Néron-Severi group of a K3 surface is
even. By [8, Theorem 4.7], the pairing on H2(X/W ) is also even, in the sense that 2 divides
x.x for any x ∈ H2(X/W ) (this is a non-trivial statement only if p = 2). We obtain that
c1(G)
2 is divisible by 2, as is r, which gives the result. 
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Proposition 3.3.5 follows, as the Todd class of a K3 surface is integral. Let (X,α), (Y, β)
be twisted K3 surfaces such that α and β are killed by p, and fix B-field lifts B,B′. Define
(A.0.2.1) N˜(X × Y,−B ⊞ B′) = (N∗(X × Y )⊗ Z[p−1]) ∩ (e−B⊞B
′
H∗(X × Y ))
Using the method of Proposition A.0.2, we can show that the twisted Chern characters of a
twisted sheaf on X × Y lie in this lattice. Unfortunately, we must assume here that p ≥ 5,
although we would be surprised if this assumption was necessary.5 In any case, under the
additional assumptions that X and Y are supersingular and that ΦE is an equivalence we
will prove the result for all p in Appendix B.
Proposition A.0.3. If E ∈ D(X×Y,−α⊠β) is a locally free twisted sheaf and p ≥ 5, then
ch−B⊞B
′
(E ) ∈ N˜(X × Y,−B ⊞ B′)
Proof. Let X → X be a µp-gerbe with cohomology class α, and let Y → Y be a µp-gerbe
with cohomology class β. We regard E as a (−1, 1)-twisted sheaf on X ×Y . As before, we
consider the Cartesian diagram
PX ×Y (E ) P
X × Y X × Y
pi′
g f
pi
There is a universal quotient map g∗E ։ O(1), and O(1) is (−1, 1)-twisted. We set
O(p) = π′∗O(1)
⊗p. As in the proof of Proposition A.0.2, we may assume that B and B′
have the property that f ∗(−B + B′) = ccry1 (O(p))/p + h for some h ∈ H
2(P/W ). By the
corresponding result in the untwisted case (eg. [13, Lemma 10.6]), it will suffice to show that
f ∗(e−B⊞B
′
chX ×Y (E )) ∈ H
∗(P/W ). The same computation as in the proof of Proposition
A.0.2 shows that
f ∗(e−B⊞B
′
chX ×Y (E )) = e
−h ch(π′∗(g
∗(E )⊗ O(−1)))
The only primes dividing the denominators in right hand side of the above expression are 2
and 3, so this gives the result if p ≥ 5. 
Appendix B. Deformations of kernels of Fourier-Mukai transforms
In this appendix we record some results concerning deformations of kernels of Fourier-
Mukai equivalences. The relevant deformation theory has been worked out by Reinecke in
[11], following [6] in the non-twisted case. We apply this to complete the proof of Theorem
3.4.2, and to prove certain cases of Conjecture 3.4.7.
Let (X,α), (Y, β) be twisted supersingular K3 surfaces with B-field lifts B,B′, and suppose
that P • ∈ D(X×Y,−α⊠β) is a perfect complex of twisted sheaves inducing a Fourier-Mukai
equivalence
ΦP • : D(X,α)→ D(Y, β)
We will show that P • deforms over a family of twisted surfaces connecting (X×Y,−α⊠β) to
a product of twisted surfaces with trivial Brauer class. A special feature of the supersingular
5In fact, we would imagine that the same method should give this result for all p, although we have not
been able to make it work.
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case is that there is a canonical choice of such a family. Specifically, we show in [1, Lemma
2.2.5ff] that if X is a twisted supersingular K3 surface, then there exists a class
αX ∈ H
2(X × A1,Gm)
with the property that for every α ∈ Br(X), there exists a k-point t ∈ A1 such that the
restriction of αX to X × t = Xt is equal to α, and in particular the restriction of αX to
X0 vanishes (there will be more than one such t for a given α).
6 In particular, all twisted
supersingular K3 surfaces with underlying surface X are deformation equivalent.
Proposition B.0.1. Consider the universal class βY ∈ Br(Y ×A
1), and let t ∈ A1 be a point
such that the restriction of βY to Yt is equal to β. There exists a connected étale neighborhood
(U, u)→ (A1, t) and
(1) a family of K3 surfaces XU → U such that (XU)u ∼= X,
(2) a class αU ∈ Br(XU) whose restriction to (XU)u is equal to α, and
(3) a kernel P˜ • ∈ D(XU × YU , α
−1
U ⊠ βU) inducing a Fourier-Mukai equivalence on each
fiber, and such that P˜ •u
∼= P •.
Proof. Let Y˜ → Y × A1 be a Gm-gerbe with cohomology class βY . Its underlying surface
is the constant family Y × A1 → A1, so determinant of any twisted sheaf on a fiber Y˜x is
unobstructed. Hence, the stack of simple perfect complexes sT wY˜ /A1 is smooth over A
1 (see
for instance Definition 3.7 of [11]). The result then follows by the proof of Proposition 4.2
of [11]. 
To apply this, we record the following lemma.
Lemma B.0.2. Let S be the spectrum of a DVR over k with residue field k and field of
fractions L, X → S and Y → S two families of supersingular K3 surfaces, α ∈ Br(X) and
β ∈ Br(Y ) two Brauer classes, and P• ∈ D(X × Y , α−1 ⊠ β) a perfect complex of twisted
sheaves. The following are equivalent.
(1) There exists a geometric point t ∈ S and B-field lifts B,B′ of αt and βt such that
v−B⊞B
′
(P•t ) ∈ N˜(Xt ×t Yt,−B ⊞B
′)
(2) For every geometric point t ∈ S there exist B-field lifts B,B′ of αt and βt such that
v−B⊞B
′
(P•t ) ∈ N˜(Xt × Yt,−B ⊞B
′)
Proof. The above notation was introduced in (A.0.2.1). Note that if either of the above is
true for some choice of B-field lifts, it is in fact true for every choice of B-field lifts. After
possibly replacing S with a connected étale cover, we may find a complete lift S ′ of S over
W and elements B ∈ H2(X /S ′K), B
′ ∈ H2(Y /S ′K) such that the restriction of B to the
special fiber is a B-field lift of α0, and the restriction of B to any geometric generic fiber XL
is a B-field lift of αL, and similarly, the restrictions of B
′ give B-field lifts of the restrictions
of β in both special and geometric fibers. We consider the class
exp(B ⊞−B′)v−B⊞B
′
(P•) ∈ H∗(X ×S Y /S
′
K)
6Roughly speaking, the class αX realizes A
1 as the moduli space of twisted supersingular K3 surfaces with
underlying surface X equipped with a certain level structure. This viewpoint is developed in detail in [1]
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(the definition of the twisted Mukai vector makes sense for a twisted sheaf on a gerbe over any
scheme). As S is connected, this class is contained in the integral submodule H∗(X ×SY /S
′)
if and only if its restriction to any geometric point is. This gives the result.

Proof of Theorem 3.4.2. It remains to show that the cohomological transform Φcry
v−B⊞B′ (P •)
in-
duces an isomorphism H˜(X/W,B)
∼
−→ H˜(Y/W,B′), and restricts to an isomorphism N˜(X,B)
∼
−→
N˜(Y,B′). To show this, it will suffice to prove that
v−B⊞B
′
(P •) ∈ N˜(X × Y,−B ⊞ B′)
As the square root of the Todd class of a K3 surface is integral, Proposition A.0.3 already
implies this when p ≥ 5 (without using the assumptions that X and Y are supersingular, or
that ΦP • is an equivalence).
We apply Proposition B.0.1 to find a connected étale neighborhood (U, u) → (A1, t), a
family of K3 surfaces XU → U , a class αU ∈ Br(XU), and a kernel P˜
• ∈ D(XU×YU , α
−1
U ⊠βU)
extending our given data. Let U ′ → A1 be the normalization of U in the function field of
A1. Let R be the hensalization of U ′ at a closed point mapping to 0 ∈ A1. Let L be the
function field of R. Pulling back the data produced by Proposition B.0.1, we find a family
of K3 surfaces XL over L, a class αL ∈ Br(XL), and a kernel P
•
L ∈ D(XL ×L YL, α
−1
L ⊠ βL),
inducing a Fourier-Mukai equivalence on geometric fibers. In particular, this implies that
XL is supersingular. After replacing R with a finite extension, we may therefore assume that
XL is the generic fiber of a family XR of supersingular K3 surfaces over R by [26, Theorem
3] (see also [1, Theorem 5.2.1] for p = 3). Consider a flat extension P •R of P
•
L to XR ×R YR.
By Lemma B.0.2, we reduce to the case when β = 0. Applying the same reasoning with the
roles of X and Y swapped, we furthermore reduce to the case where α = 0. The result then
follows from the well known fact that the Mukai vector of any complex on the product of
two K3 surfaces is integral (see eg. [13, Lemma 10.6]). 
We now discuss orientation.
Lemma B.0.3. Let S be the spectrum of a DVR with residue field k and field of fractions L,
X → S and Y → S two families of K3 surfaces, and P ∈ N˜(X ×Y )Q a class that induces
an isomorphism ΦPt : N˜(Xt)Q
∼
−→ N˜(Yt)Q on each geometric fiber r ∈ S. The following are
equivalent.
(1) There exists a geometric point t ∈ S such that ΦPt is orientation preserving.
(2) For every geometric point t ∈ S the isometry ΦPt is orientation preserving.
Proof. As explained in [11], an orientation on a lattice N gives rise to a choice of connected
component of the associated positive definite Grassmannian, and an isometry of lattices is
orientation preserving if and only if it preserves the choice of connected components. The
result follows. 
Using Lemma B.0.3 and arguments of [10] and [6], we prove Conjecture 3.4.7 in certain
special cases.
Theorem B.0.4. Let X and Y be K3 surfaces over k, and suppose that P • ∈ D(X × Y ) is
a complex inducing a Fourier-Mukai equivalence
ΦP • : D(X)
∼
−→ D(Y )
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The induced cohomological transform Φcryv(P •) is orientation preserving.
Proof. By composing with standard derived equivalences (which are known to be orientation
preserving), we reduce to the case where ΦP • is filtered, in the sense of [6]. The lifting results
of [6] combined with Lemma B.0.3 then reduce us to the case of K3 surfaces over the complex
numbers, which follows from work of Huybrechts, Macrí, and Stellari [10]. 
Theorem B.0.5. Suppose that (X,α) and (Y, β) are twisted supersingular K3 surface such
that σ0(X,α), σ0(Y, β) ≤ 10. If P
• ∈ D(X × Y, α−1 ⊠ β) is a perfect complex of twisted
sheaves that induces a Fourier-Mukai equivalence
ΦP • : D(X,α)→ D(Y, β)
then for any B-field lifts B,B′ of α and β the cohomological correspondence Φcry
v−B⊞B′ (P •)
is
orientation preserving.
Proof. Under our assumptions on the Artin invariant, we may find primitive isotropic vectors
v, w ∈ N˜(X,B) such that v.w = −1, and v is effective. By results of [1] (extending results
of Mukai and Yoshioka over the complex numbers) the moduli space X ′ =M(X,−α)(v) of −α-
twisted sheaves on X with Mukai vector v is a supersingular K3 surface, and the universal
sheaf induces a derived equivalence D(X,α)→ D(X ′). As in [3], one shows that the induced
cohomological correspondence is orientation preserving. Let Y ′ be the same for (Y, β). Now,
given a Fourier-Mukai equivalence D(X,α)→ D(Y, β) that is not orientation preserving, we
obtain by composition a Fourier-Mukai equivalence D(X ′) → D(Y ′) that is not orientation
preserving, in contradiction to Theorem B.0.4. 
Remark B.0.6. One can show that if X is a K3 surface that is not supersingular and
α ∈ Br(X) is any Brauer class, then (X,α) lifts to characteristic 0. The argument of
Theorem B.0.4 then extends to prove Conjecture 3.4.7 for all twisted K3 surfaces in positive
characteristic that are not supersingular. Thus, the only case of Conjecture 3.4.7 left open
is that of non-trivial Brauer classes on supersingular K3 surfaces of Artin invariant 10.
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